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FUNCTIONS OF EXPONENTIAL GROWTH IN A HALF-PLANE, SETS OF
UNIQUENESS AND THE MU¨NTZ–SZA´SZ PROBLEM FOR THE
BERGMAN SPACE
MARCO M. PELOSO AND MAURA SALVATORI
Abstract. We introduce and study some new spaces of holomorphic functions on the right half-
plane R. In a previous work, S. Krantz, C. Stoppato and the first named author formulated the
Mu¨ntz–Sza´sz problem for the Bergman space, that is, the problem to characterize the sets of
complex powers {ζλj−1} with Reλj > 0 that form a complete set in the Bergman space A
2(∆),
where ∆ = {ζ : |ζ − 1| < 1}.
In this paper, we construct a space of holomorphic functions on the right half-plane, that
we denote by M2ω(R), whose sets of uniqueness {λj} correspond exactly to the sets of powers
{ζλj−1} that are a complete set in A2(∆).
We show that M2ω(R) is a reproducing kernel Hilbert space and we prove a Paley–Wiener
type theorem among several other structural properties.
We introduce a transform M∆ modelled on the classical Mellin transform and show that
M2ω(R) = 2
−zΓ(1 + z)M∆(A
2(∆)). We determine a sufficient condition on a set {λj} to be
a set of uniqueness for M2ω(R), thus providing a sufficient condition for the solution of the
Mu¨ntz–Sza´sz for the Bergman space.
Introduction and statement of the main results
In this paper we introduce and begin the analysis of a space of holomorphic functions on
the right half-plane. The initial motivation for such a study arose in the work on Bergman
spaces of worm domains in C2 by S. Krantz and the first named author. In collaboration also
with C. Stoppato [7] we stated the Mu¨ntz–Sza´sz problem for the Bergman space and proved a
preliminary result.
We denote by ∆ the disk {ζ : |ζ − 1| < 1}, by dA the Lebesgue measure in C and consider
the (unweighted) Bergman space A2(∆). Then the complex powers {ζλ−1} with Reλ > 0 are
well defined and in A2(∆). We denote by R the right half-plane and by R its closure.
Following [7], the Mu¨ntz–Sza´sz problem for the Bergman space is the question of characterizing
the sequences {λj} in R such that {ζλj−1} is a complete set in A2(∆), that is, span{ζλj−1} is
dense in A2(∆).
The classical Mu¨ntz–Sza´sz theorem concerns with the completeness of a set of powers {tλj− 12}
in L2
(
[0, 1]
)
, where Reλj > 0. The solution was provided in two papers separate by C. Mu¨ntz
[12] and by O. Sza´sz [16] where they show that the set {tλj− 12 } is complete L2([0, 1]) if and only
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if the sequence {λj} is a set of uniqueness for the Hardy space of the right half-plane H2(R),
that is, if f ∈ H2(R) and f(λj) = 0 for every j, then f is identically 0.
As in the classical case, in order to study the Mu¨ntz–Sza´sz problem for the Bergman space
we wish to transform the question into characterizing the sets of uniqueness for some (Hilbert)
space of holomorphic functions. We now outline our paradigm.
For f ∈ A2(∆) and z ∈ R we define the Mellin–Bergman transform
(1) M∆f(λ) =
1
pi
∫∫
∆
f(ζ)ζ
λ−1
dA(ζ) .
The function ζλ−1 is well defined and belongs to A2(∆). Then a set {ζλj−1} is complete in
A2(∆) if and only if f ∈ A2(∆) and M∆f(λj) = 0 for all j implies that f vanishes identically.
Thus, the main task becomes to characterize the space M∆
(
A2(∆)
)
and study its sets of
uniqueness. To this end we introduce a space of holomorphic functions on R.
Definition. For 0 < b < ∞, denote by Sb the vertical strip {z = x + iy : 0 < x < b} and by
H2(Sb) the classical Hardy space
H2(Sb) =
{
f holomorphic in Sb : sup
0<x<b
∫ +∞
−∞
|f(x+ iy)|2 dy <∞} .
On R consider the Borel measure ω = ∑+∞n=0 2nn! δn2 (x) ⊗ dy, and the space L2(R, dω); ex-
plicitely, the norm is given by
(2) ‖f‖2
L2(R,dω) =
+∞∑
n=0
2n
n!
∫ +∞
−∞
|f(n2 + iy)|2 dy <∞ .
We define M2ω(R) to be the space of holomorphic functions f on R such that:
(H) f ∈ H2(Sb) for every 0 < b <∞;
(B) f ∈ L2(R, dω).
Observe that condition (H) implies that f admits a boundary value function in L2(R) and
we take such boundary values as the definition of f on the imaginary axis, which is a positive ω-
measure set. More formally, we could defineM2ω(R) as the closure in L2(R, dω) of the functions
satisfying (H) that admits continuous extension to the closure of R.
We also point out that the measure ω has been found in a constructive way and that it satisfies
a uniqueness property, see Theorem 5 below.
Observing that M2ω(R) is a subspace of L2(R, dω), we prove
Theorem 1. The space M2ω(R) is a Hilbert space with reproducing kernel and with the unique
inner product such that
‖f‖2M2ω(R) =
+∞∑
n=0
2n
n!
∫ +∞
−∞
|f(n2 + iy)|2 dy <∞ .
Notice that trivially H2(R) ⊂ M2ω(R) as a closed subspace. Moreover, the following simple
facts hold true (see Proposition 1.2):
(i) the function Γ(1 + δz) ∈ M2ω(R) for 0 < δ < 1, but Γ(1 + z) 6∈ M2ω(R);
(ii) there exists f holomorphic in R and satisfying (B), but f 6∈ H2(Sb) if b > 12 .
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We study some basic structural properties of M2ω(R) and we begin by proving the following
Paley–Wiener-type theorem. We define the Fourier transform of ψ ∈ L1(R)
(Fψ)(ξ) = 1√
2pi
∫ +∞
−∞
ψ(x)e−ixξ dx .
Theorem 2. For f ∈ M2ω(R), let f(0 + i·) = f0. Then Ff0 ∈ L2(R, e2e
ξ
dξ) and
(3) ‖f‖M2ω(R) = ‖Ff0‖L2(R,e2eξdξ) .
Conversely, if ψ ∈ L2(R, e2eξdξ) and for z ∈ R we set
(4) f(z) =
1√
2pi
∫ +∞
−∞
ψ(ξ)ezξ dξ ,
then f ∈ M2ω(R), equality(3) holds, and ψ = Ff0.
Theorem 3. The reproducing kernel for M2ω(R) is given by
K(z, w) =
1
2pi
Γ(z + w)
2z+w
.
We are in the position to describe the image of A2(∆) under the Mellin–Bergman transform
M∆. Given any set Ω ⊆ C we denote by Hol(Ω) the holomorphic functions on Ω.
Definition. We define
(5) H = {g ∈ Hol(R) : Γ(1+z)2z g(z) ∈ M2ω(R)}
with norm
‖g‖2H =
∥∥∥Γ(1 + z)
2z
g
∥∥∥2
M2ω(R)
=
+∞∑
n=0
∫ +∞
−∞
|g(n2 + iy)|2
|Γ(n2 + 1 + iy)|2
Γ(n+ 1)
dy .
Theorem 4. The Mellin–Bergman transform
M∆ : A
2(∆)→H
is a surjective isometry. The space H consists of holomorphic functions on R that are of expo-
nential type at most pi/2 and the polynomials are dense in H. Moreover, it is a Hilbert space
with reproducing kernel
H(z, w) =
1
2pi
Γ(z + w)
Γ(1 + z)Γ(1 + w)
.
We stress the fact that we prove that
M∆
(
A2(∆)
)
=
2z
Γ(1 + z)
M2ω(R) =: H .
It is interesting to notice that the space H has already appeared in the literature, in a
different context [8, 9]1. While on one hand H may be more natural being the isometric image
of A2(∆) through M∆, the space M2ω(R) turns out to enjoy more manageable properties, since
1We are grateful to A. Aleman for pointing these references to us.
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the measure ω is translation invariant in R and there is no analogue of the Paley–Wiener type
Theorem 2 for H. We will collect some properties of H and further remarks in Section 3.
It is worth pointing out that the measure ω was constructed in a direct way and satisfies the
uniqueness property in the next result.
Theorem 5. The measure ω is the unique positive translation invariant Borel measure in R
such that, for every f, g ∈ A2(∆) we have
〈f, g〉A2(∆) =
〈Γ(z+1)
2z M∆(f),
Γ(z+1)
2z M∆(g)
〉
L2(R,dω) .
Clearly, the sets of uniqueness of H andM2ω(R) coincide, and the same holds for the zero-sets.
We obtain that the zero-sets for M2ω(R) are also zero-sets for the functions of exponential type
pi/2 and that zero-sets for the functions of exponential type τ < pi/2 are zero-sets for M2ω(R),
see Proposition 4.1. The reverse inclusions hold for the sets of uniqueness of the corresponding
spaces.
In order to describe our next result we need to recall some classical definitions. Given a
sequence of points {zj} with |zj | → +∞, its exponent of convergence is ρ1 = inf{ρ > 0 :∑+∞
j=1 1/|zj |ρ < ∞}, while the counting function is n(r) = #{zj : |zj | ≤ r}. The upper and
lower densities d± = d±{zj} are then defined as
d+ = lim sup
r→+∞
n(r)
rρ1
, d− = lim inf
r→+∞
n(r)
rρ1
.
In order to avoid vanishing of infinite order at finite points, we assume the functions to be
regular in R and we denote by Hol(R) such space.
Theorem 6. Let {zj} ⊆ R, 1 ≤ |zj | → +∞. The following properties hold.
(i) If {zj} has exponent of convergence 1 and upper density d+ < 12 , then {zj} is a zero-set
for M2ω(R) ∩Hol(R).
(ii) If {zj} is a zero-set for M2ω(R) ∩Hol(R), then
(6) lim sup
R→+∞
1
logR
∑
|zj |≤R
Re
(
1/zj
) ≤ 2
pi
.
Theorem 7. A sequence {zj} of points in R such that Re zj ≥ ε0, for some ε0 > 0 and that
violates condition (6), is a set of uniqueness for M2ω(R).
As a consequence, if {zj} is a sequence as above, the set of powers {ζzj−1} is a complete set
in A2(∆).
We point out that a classical result of W. Fuchs’ [4] shows that there exist sequences {zj}
with exponent of convergence 1 and lower density d− > 12 such that {zj} is a set of uniqueness
for M2ω(R) ∩ Hol(R). We will prove the above theorem and compare it with Fuchs’ result in
Section 5.
For 1 ≤ p <∞ we also consider the spaces
(7) Mpω(R) =
{
f ∈ Hol(R) : f ∈ Hp(Sb), for all b > 0, and f ∈ Lp(R, dω)
}
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with norm
‖f‖p
Lp(R,dω) =
+∞∑
n=0
2n
n!
∫ +∞
−∞
|f(n2 + iy)|p dy <∞ .
We recall that Hp(Sb) =
{
f holomorphic in Sb : sup0<x<b
∫ +∞
−∞ |f(x + iy)|p dy < ∞
}
and
that f ∈ Hp(Sb) admits boundary values that are p-integrable, so that, as in the case p = 2,
integration over the imaginary is well defined.
Finally we prove
Theorem 8. The orthogonal projection operator P : L2(R, dω)→M2, is unbounded as operator
P : Lp(R, dω) ∩ L2(R, dω)→Mp
for every p 6= 2.
To the best of our knowledge, this is the first paper that deals with a mixed Hardy–Bergman
type condition that appears in the definition of M2ω(R). We find it remarkable that this space
appears naturally in the attempt of solving the Mu¨ntz–Sza´sz problem for the Bergman space.
In [5] Fuchs studied the Mu¨ntz–Sza´sz problem for sets of exponential on the positive half-line.
In [14] we study some generalization of M2ω(R), obtained by different choices of the measure ω.
In order to relate ours to some previous work, we mention that in [6] B. Jacob, J. Partington
and S. Pott studied spaces of holomorphic function in R whose norm is defined by the condition
supε>0 ‖f(ε+ ·)‖Lp(R,dµ) < +∞, where µ is a translation invariant Borel measure on R. While,
on one hand, this class of spaces contains as particular cases the classical Hardy and Bergman
spaces, M2ω(R) does not fall in this class. For, the finiteness of the above norm requires the
function to be bounded in each half-plane {Re z ≥ ε0}, for ε0 > 0, while both M2ω(R) and H
contain functions of exponential growth.
We also mention that in [15] A. Sedletkskii studies the completeness of sets of exponentials
in weighted Lp spaces on (0,+∞) in terms of zeros of functions the classical Bergman space on
a half-plane.
1. Basic properties of M2ω(R)
We begin recalling some well-known facts about Hardy spaces on a strip. For 0 ≤ a < b <∞
we denote by S(a,b) the vertical strip {z = x+ iy : a < x < b} and by S[a,b] its closure. As before,
we simply write Sb to denote the strip S(0,b). The classical Hardy space H
2(S(a,b)) is
H2(S(a,b)) =
{
f holomorphic in S(a,b) : sup
a<x<b
∫ +∞
−∞
|f(x+ iy)|2 dy <∞} .
Theorem 1.1. (Paley–Wiener)
(i) Let F ∈ H2(Sb). Then Fx := F (x+ i·) admits limit in L2(R) as x → 0+ and x→ b−, that
we denote by F0 and Fb, respectively. Moreover, e
bξFF0 ∈ L2(R) and for every x ∈ [0, b]
(8) FFx(ξ) = exξFF0(ξ) .
(ii) H2(Sb) is a Hilbert space with the unique inner product such that
‖F‖2H2(Sb) = ‖F0‖
2
L2(R) + ‖Fb‖2L2(R) .
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(iii) If ψ ∈ L2(R) and ebξψ ∈ L2(R), then
F (z) =
1√
2pi
∫ +∞
−∞
ψ(ξ)ezξ dξ
is in H2(Sb) and FF0 = ψ.
The proofs of these facts can be found in [13], Theorems I-VII.
Next we prove Theorem 1. From now on, for simplicity of notation, we write M2 in place of
M2ω(R).
Proof of Theorem 1. This is elementary and we include the details for completeness.
Let {fm} be sequence in M2, Cauchy in the L2(R, dω)-norm. Then {fm(k2 + i·)} is a Cauchy
sequence in L2(R) for every k, since
‖fm − fm′‖2L2(R,dω) =
+∞∑
k=0
2k
k!
∫ +∞
−∞
|fm
(
k
2 + iy
)− fm′(k2 + iy)|2 dy < ε
implies that for any fixed n,
‖fm
(
k
2 + i ·
)− fm′(k2 + i · )‖2L2(R) < ε′
for m,m′ ≥ N , and 0 ≤ k ≤ n. By (ii) in the previous theorem, {fm} is a Cauchy sequence in
H2(Sn
2
), so that {fm} converges to f ∈ H2(Sn
2
), for any n. By analytic continuation f ∈ H2(Sb)
for all b > 0.
Now it is clear that fm → f in the L2(R, dω)-norm, that is, M2 is closed. The fact that it
is a Hilbert space with reproducing kernel follows at once, since point evaluations are bounded
in H2(Sb) and that if f ∈ M2, its H2(Sb)-norms are controlled by a constant (depending on b)
times the L2(R, dω)-norm. The conclusion about the inner product is now clear. 
We take a look at the elementary inclusions between the basic function spaces.
Proposition 1.2.
(i) Let 0 < δ ≤ 1 and ε0 > 0. Then Γ(ε0 + δz) ∈ M2 if and only if δ < 1.
(ii) Let G(z) = (z + 1)−1 exp
{
ie2piiz
}
. Then G ∈ L2(R, dω) is holomorphic in R, but
G 6∈ H2(Sb) if b > 12 . On the other hand, Γ(1+z) ∈ H2(Sb) for b > 0, but Γ(1+z) 6∈ M2.
(iii) Let h be a function regular in R and of exponential type τ < pi/2 and let 2τ/pi < δ < 1.
Then F (z) = h(z)Γ(1 + δz) ∈ M2.
Proof. It is well known that for c > 0,
‖Γ(c+ i·)‖2L2(R) =
∫ +∞
0
e−2xx2c
dx
x
= 2−2cΓ(2c) ,
see Lemma 2.3 in [2] e.g. (and also the discussion in Section 3). Therefore, for every b > 0,
sup
0<x<b
‖Γ(ε0 + δx+ iδ·)‖2L2(R) = Cb < +∞ .
Thus, in order to prove Γ(ε0 + δz) ∈M2 it suffices to show that Γ(ε0 + δz) ∈ L2(R, dω).
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For some Q > 0 large enough we have
‖Γ(ε0 + δ·)‖2M2 =
+∞∑
n=0
2n
n!
‖Γ(ε0 + δn2 + iδ·)‖2L2(R)
≤ 1
δ
+∞∑
n=0
2(1−δ)n
n!
Γ(2ε0 + δn)
≤ C
+∞∑
n=0
2(1−δ)n
n!
nε0δneδn logn
≤ C
+∞∑
n=0
Qne(δ−1)n logn
<∞ .
Since it is easy to see that the norm ‖Γ(ε0 + δ·)‖M2 is infinite if δ = 1, this proves (i).
In order to prove (ii), notice that∣∣ exp{ie2piiz}∣∣ = exp{e−2piy cos(2pix)} ,
is bounded for x = n2 , n = 0, 1, 2 . . . . This implies that G(z) = (z + 1)
−1 exp
{
ie2piiz
} ∈
L2(R, dω). However, G 6∈ H2(Sb) if cos(2pix) > 0 for some x < b.
Finally, recall the asymptotic of the Gamma function (see [10] e.g.), valid for | arg z| ≤ pi− δ,
(9) Γ(z) =
√
2pi e(z−
1
2
) log z−z
[
1 +O(1/|z|)
]
.
Then Γ(ε0 + δz) is regular in R and for |z| ≥ 1, z = x+ iy,
|Γ(ε0 + δz)| ≤ C|z|−
1
2 exp
{
Re[(ε0 + δz)
(
log(ε0 + δz) − 1
)
]
}
≤ C|z|ε0− 12 exp{δx log |z| − δ|y| arctan(|y|/x)} .(10)
Let 2τ/pi < δ < 1 and take ε0 = 1 (for simplicity). When 0 ≤ x ≤ b we have τ < τ ′ <
δ arctan(|y|/x) for |y| ≥ N sufficiently large. Then (10) gives
|h(z)| |Γ(1 + δz)| ≤ eτ |z|e−τ ′|y|eδx log |z| ≤ C
uniformly in the strip Sb. In order to bound the M2-norm we observe that |h(z)| ≤ Ceτ(x+|y|)
and using (10) we estimate∫ +∞
−∞
e2τ |y||Γ(1 + δn2 + iδy)|2 dy
≤
∫ +∞
−∞
e2τ |y|(n+ |y|) exp {δn log (n2 + |y|) − 2δ|y| arctan (2|y|/n)} dy
=
(∫
|y|≤αn
+
∫
|y|>αn
)
(n+ |y|) exp {2τ |y|+ δn log (n2 + |y|)− 2δ|y| arctan (2|y|/n)} dy
= I + II ,
with α > 12 to be fixed. Then it follows at once that
(11) I ≤ Cn2(1 + α)δne2ταneδn logn ≤ Cpneδn logn ,
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for some p > 0. On the other hand, since τ/δ < pi/2 we can select α large enough so that
δ arctan(2α) > τ . Then we have
II ≤ C
∫
|y|>αn
|y| exp {2τ |y|+ δn log (n2 + |y|)− 2δ|y| arctan (2|y|/n)} dy
≤ C2δn
∫
|y|>αn
|y|1+δn exp{2|y|(τ − δ arctan (2|y|/n))} dy
≤ C2δn
∫
|y|>αn
|y|1+δn exp{− 2(δ arctan(2α) − τ)|y|} dy
≤ C2δn Γ(2 + δn)[
2
(
δ arctan(2α) − τ)]2+δn
≤ Cqneδn logn ,(12)
for some q > 0 and where we have applied the simple estimate, valid for A,B, y0 > 0,∫ +∞
y0
e−AyyB dy =
1
AB+1
∫ +∞
Ay0
e−ttB dt ≤ Γ(B + 1)
AB+1
.
Putting (11) and (12) together we then obtain
‖hΓ(1 + δ·)‖2M2 ≤ C
+∞∑
n=0
2n
n!
(pn + qn)eδn logn
≤ C
+∞∑
n=0
Qne(δ−1)n logn
<∞ .
This proves (iii). 
Proof of Theorem 2. Since f ∈ H2(Sn
2
) for every n, using (8) we have,
‖f‖2M2 =
+∞∑
n=0
2n
n!
‖f(n2 + i·)‖2L2(R)
=
+∞∑
n=0
2n
n!
∥∥F(f(n2 + i·))∥∥2L2(R)
=
+∞∑
n=0
2n
n!
∫ +∞
−∞
enξ|Ff0(ξ)|2 dξ
=
∫ +∞
−∞
|Ff0(ξ)|2e2eξ dξ .(13)
Conversely, let ψ ∈ L2(R, e2eξdξ) and f be defined by (4). Notice that the integral converges
absolutely for z ∈ R since∫ +∞
−∞
|ψ(ξ)ezξ | dξ ≤ ‖ψ‖
L2(R,e2e
ξ
dξ)
(∫ +∞
−∞
e2xξe−2e
ξ
dξ
)1/2
<∞ .
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Then f is well defined and holomorphic in R. Notice also that en2 ξψ ∈ L2(R) for n = 0, 1, 2, . . .
so that by (iii) in Theorem 1.1 f ∈ H2(Sn
2
) for every n, and Ff0 = ψ. Now the same argument
as in (13) gives (3). 
As consequence of the Paley–Wiener-type theorem we determine the reproducing kernel of
M2.
Proof of Theorem 3. Let Kz ∈ M2 be such that 〈f, Kz〉M2 = f(z) for every z ∈ R and every
f ∈ M2. Using (8) again we have,
f(z) =
+∞∑
n=0
2n
n!
〈
f(n2 + i·), Kz(n2 + i·)
〉
L2
=
+∞∑
n=0
2n
n!
〈F(f(n2 + i·)), F(Kz(n2 + i·))〉L2
=
+∞∑
n=0
2n
n!
〈
e
n
2
ξFf0, e
n
2
ξFKz,0
〉
L2
=
∫ +∞
−∞
Ff0(ξ)FKz,0(ξ) e2eξ dξ ,
where switching the integral with the sum is justisfied by Theorem 2.
On the other hand,
f(z) =
1√
2pi
∫ +∞
−∞
ezξFf0(ξ) dξ ,
so that
FKz,0(ξ) = 1√
2pi
e−2e
ξ
ezξ ,
and
Kz(w) =
1
2pi
∫
R
ewξe−2e
ξ
ezξ dξ
=
1
2pi
∫
R
e(w+z)ξe−2e
ξ
dξ
=
1
2pi2w+z
∫ +∞
0
tw+z−1e−t dt
=
1
2pi
Γ(w + z)
2w+z
. 
2. Properties of Mellin–Bergman transforms
Next we study the Mellin–Bergman transform M∆, as defined in (1), when acting on A
2(∆).
We set ‖f‖2A2(∆) = 1pi
∫∫
∆ |f(ζ)|2 dA(ζ). Observe that M∆f(z) = 〈f, ζz−1〉A2(∆), so that M∆ is
linear and M∆f is holomorphic in R.
We need the explicit expression of the inner product of the powers ζα and ζβ in A2(∆). The
next result appears in [7].
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Lemma 2.1. Let Reα,Re β > −1. Then
1
pi
∫∫
∆
ζαζβ dA(ζ) =
Γ(α+ β + 2)
Γ(α+ 2)Γ(β + 2)
.
In particular, ζz−1 ∈ A2(∆) if and only if Re z > 0 and in this case
‖ζz−1‖2A2(∆) = ‖ζz−1‖2A2(∆) =
Γ(2Re z)
|Γ(z + 1)|2 .
The lemma provides us with a few explicit examples.
Example 2.2. By taking α = 0 and β = z − 1, we obtain that M∆(1) = 1, and similarly, for
k = 1, 2, . . .
M∆(ζ
k)(z) =
Γ(z + k + 1)
k! Γ(z + 1)
=
1
k!
(z + 1) · · · (z + k) ;
hence a polynomial of degree k in z.
We now obtain the following property on the growth of functions in M∆
(
A2(∆)
)
.
Proposition 2.3. For f ∈ A2(∆), M∆f is holomorphic of exponential type at most pi2 in R.
Proof. It is clear that M∆f is holomorphic in R since∣∣∂z(f(ζ)ζz−1)∣∣ ≤ c|f(ζ)| ∣∣ log |ζ|∣∣∣∣ζz−1∣∣
≤ c|f(ζ)| |ζ|Re z−ε−1eIm zpi/2 ,
which is absolutely integrable if Re z > ε.
Next,
(14) |M∆f(z)| ≤ ‖f‖A2(∆)‖ζz−1‖A2(∆) ≤ C
Γ(2Re z)1/2
|Γ(z + 1)| .
A straightforward application of the asymptotics of the Gamma function (9) shows that M∆f
is of exponential type at most pi/2. We leave the details to the reader.
We also observe that there exist functions f such thatM∆f is of type pi/2−ε, for every ε > 0.
For, for ζ0 ∈ ∆, let Bζ0 be the reproducing kernel for A2(∆) at z0. Then,
|M∆(Bζ0)(z)| = |ζ
z−1
0 | ≥ ey arg ζ0 .
The conclusion follows by taking ζ0 with arg ζ0 ≥ pi/2− ε and z ∈ R, z = δ + iy. 
We now turn to proving Theorem 4, therefore establishing the properties the Mellin–Bergman
transforms of A2(∆)-functions.
We break Theorem 4 into two results, first of which is the following theorem.
As usual, we denote by A2(R) the (unweigthed) Bergman space, then the Paley–Wiener
theorem for A2(R) shows that the Fourier transform is a surjective isometry between A2(R)
and L2
(
(−∞, 0), dξ/|ξ|).
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Theorem 2.4. Let F ∈ A2(R). Then there exists ψ ∈ L2((−∞, 0), dξ/|ξ|) such that for z ∈ R
(15) F (z) =
1√
2pi
∫ 0
−∞
ezξψ(ξ) dξ
and
(16) ‖F‖2A2(R) = 12‖ψ‖2L2((−∞,0), dξ/|ξ|) .
Conversely, if ψ ∈ L2((−∞, 0), dξ/|ξ|) and F is defined by (15) then F ∈ A2(R) and (16) holds.
A proof of this result can be found in [1] or [3], e.g. This result implies that if F ∈ A2(R),
setting
(17) F0 = lim
x→0+
F−1(ex(·)ψ)
in the sense of tempered distributions, we obtain that F admits boundary values F0 = F (0+ i·)
such that FF0 = ψ.
The next result can be obtained from the well-known property of the Gamma function for
Reλ > −1,
(18)
∫ +∞
0
tλe−teixt dt =
Γ(λ+ 1)
(1− ix)λ+1 .
Lemma 2.5. Let Reλ > 0 and h(w) = (1 + w)−λ−1, then h ∈ A2(R) and
Fh0(ξ) =
√
2pi
|ξ|λ
Γ(1 + λ)
eξχ{ξ<0} .
We recall that the (re-normalized) classical Mellin transform is
(19) Mϕ(z) =
1√
2pi
∫ +∞
0
ϕ(t)tz−1 dt ,
where ϕ is a function defined on (0,+∞).
Next, we reduce the problem to characterize the space M
(
L2
(
(0,+∞), e2ξξ dξ
)
.
Theorem 2.6. There exists a surjective isometry
T : A2(∆)→ L2
(
(0,+∞), e
2ξ
ξ
dξ
)
such that for g ∈ A2(∆) and z ∈ R
M∆g(z) = −
√
pi
2z
Γ(z + 1)
M(Tg)(z) .
Proof. For w ∈ R we let φ(w) = 2(w + 1)−1. Then φ : R → ∆ is a biholomorhic mapping and
f 7→ 1√
pi
φ′(f ◦ φ) =: f˜ is a surjective isometry of A2(∆) onto A2(R). Notice that
(
ζz−1
)˜
(w) = − 2
z
√
pi
1
(w + 1)z+1
.
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Then, if f ∈ A2(∆), using Lemma 2.5 (with z = λ ∈ R) we have
M∆f(z) =
1
pi
∫∫
∆
f(ζ)ζ
z−1
dA(ζ) = 〈f, ζz−1〉A2(∆)
= − 2
z
√
pi
〈
f˜ , (w + 1)−z−1
〉
A2(R)
= −
√
1
2
2z
Γ(1 + z)
〈F f˜0, (−ξ)zeξ〉L2((−∞,0), dξ/|ξ|)
= −
√
1
2
2z
Γ(1 + z)
∫ 0
−∞
F f˜0(ξ)eξ(−ξ)z−1 dξ
= −√pi 2
z
Γ(1 + z)
M
(
e−tF f˜0(−t)
)
(z) ;
M being the Mellin transform. Setting for t > 0, Tf(t) = e−tF f˜0(−t) the desired conclusion
follows at once. 
3. Mapping properties of the Mellin transform
In order to complete the proof of Theorem 4 we need the following result.
Theorem 3.1. The mapping
M : L2
(
(0,+∞), e
2ξ
ξ
dξ
)
→M2
is a surjective isometry.
The mapping properties of M as operator between function spaces have been studied in [2].
We begin the proof of theorem with the following
Lemma 3.2. The mapping
M : L2
(
(0,+∞), e
2ξ
ξ
dξ
)
→M2
is a partial isometry.
Proof. We first show that if ϕ ∈ L2((0,+∞), e2ξξ dξ) then Mϕ is well defined and holomorphic
in R. Writing z = x+ iy we have
|Mϕ(z)| ≤ 1√
2pi
∫ +∞
0
|ϕ(ξ)|ξx−1 dξ
≤ 1√
2pi
‖ϕ‖
L2((0,+∞), e2ξ
ξ
dξ)
(∫ +∞
0
e−2ξξ2x−1 dξ
)1/2
=
1√
2pi
Γ(2x)1/2
2x
‖ϕ‖
L2((0,+∞), e2ξ
ξ
dξ)
.
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Hence, the integral defining Mϕ converges absolutely for every z ∈ R, and a similar argument
shows that Mϕ is also holomorphic in R. Notice that
Mϕ(z) =
1√
2pi
∫ +∞
−∞
(
ϕ ◦ exp)(s)ezs ds
= F−1((ϕ ◦ exp)ex(·))(y) .
Moreover, ∥∥Mϕ(x+ i·)∥∥2
L2(R)
= ‖ϕ‖2L2((0,+∞),ξ2x−1dξ)
≤ Cx‖ϕ‖2
L2((0,+∞), e2ξ
ξ
dξ)
,
uniformly in x ∈ (0, b]. Hence, ϕ ∈ L2((0,+∞), e2ξξ dξ) implies that Mϕ ∈ H2(Sb) for every
b > 0.
Finally, let ϕ,ψ ∈ L2((0,+∞), e2ξξ dξ) and first assume that they have compact support.
Then, we have
〈Mϕ, Mψ〉M2 =
1
2pi
+∞∑
n=0
2n
n!
∫ +∞
−∞
Mϕ(n2 + iy)Mψ(
n
2 + iy) dy
=
+∞∑
n=0
2n
n!
∫ +∞
−∞
F−1
((
ϕ ◦ exp)en2 (·)
)
(y)F−1
((
ψ ◦ exp)en2 (·)
)
(y) dy
=
+∞∑
n=0
2n
n!
∫ +∞
−∞
ϕ
(
ey
)
e
n
2
yψ
(
ey
)
e
n
2
y dy
=
∫ +∞
−∞
ϕ
(
ey
)
ψ
(
ey
)
e2e
y
dy
=
∫ +∞
0
ϕ(t)ψ(t) e2t
dt
t
.
Therefore, M : L2
(
(0,+∞), e2ξξ dξ
)→M2 is a partial isometry, i.e.
〈Mϕ, Mψ〉M2 = 〈ϕ, ψ〉L2((0,+∞), e2ξ
ξ
dξ)
for all ϕ,ψ ∈ L2((0,+∞), e2ξξ dξ). 
To order to prove Theorem 3.1 we need some density results inM2, that are consequences of
the Paley–Wiener-type Theorem 2.
For 1 ≤ p <∞ we denote by Mp(ε) the subspace of Mp of functions that are holomorphic for
Re z > −ε and that are in Hp(S(−ε,b)) for every b > 0.
Lemma 3.3. Let ε′ > 0 and ψ ∈ L2(R, e2ε′ξe2eξdξ)∩L2(R, e2eξdξ). Then ψ ∈ L2(R, e2εξe2eξdξ)
for 0 < ε ≤ ε′ and let f be defined by (4). If fε(z) = f(z + ε), then fε ∈ M2(ε) and fε → f in
M2 as ε→ 0+. Hence, ⋂ε>0M2(ε) is dense in M2.
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Proof. It is clear that ψ ∈ L2(R, e2εξe2eξdξ) ∩ L2(R, e2eξdξ) for 0 < ε < ε′. Notice that
fε(z) =
1√
2pi
∫ +∞
−∞
ψ(ξ)e(z+ε)ξ dξ ,
it is holomorphic in Re z > −ε, and since eε(·)ψ ∈ L2(R, e2eξdξ), fε ∈ M2. Moreover, since
f ∈ H2(Sb) for every b > 0, fε ∈ H2(S(−ε,b)) for every b > 0. Hence, fε ∈ M2(ε).
Next, since
F(f(x+ ε+ i·))(ξ) = ψ(ξ)e(x+ε)ξ ,
we have
‖f − fε‖2M2 =
+∞∑
n=0
2n
n!
∥∥F(f(n2 + i·)) −F(f(n2 + ε+ i·))∥∥2L2(R)
=
+∞∑
n=0
2n
n!
∫ +∞
−∞
enξ|(1− eεξ)ψ(ξ)|2 dξ
=
∫ +∞
−∞
|(1− eεξ)ψ(ξ)|2e2eξ dξ → 0 ,
as ε → 0. Since L2(R, e2εξe2eξdξ) ∩ L2(R, e2eξdξ) is dense in L2(R, e2eξdξ) the conclusion
follows. 
Proposition 3.4. The subspace
⋂
ε>0M2(ε) ∩M1(ε) is dense in M2.
Proof. Let ψ ∈ C∞0 (R) and f be defined by (4). By the previous result f ∈ M2(ε). Now, denoting
by ‖ψ‖W s(R) the standard Sobolev norm,
‖f‖L1(R,dω) ≤ ‖(1 + y2)−1/2‖L2(R,dω)‖(1 + y2)1/2f‖L2(R,dω)
≤ C
( +∞∑
n=0
2n
n!
∫ +∞
−∞
(1 + y2)
∣∣F−1(en2 (·)ψ)(y)∣∣2 dy)1/2
= C
( +∞∑
n=0
2n
n!
∥∥en2 (·)ψ∥∥2
W 2(R)
)1/2
≤ C
( +∞∑
n=0
2n
n!
∫ +∞
−∞
enξ
(
n4|ψ(ξ)|2 + n2|ψ′(ξ)|2 + |ψ′′(ξ)|2)dξ)1/2
≤ C
(∫ +∞
−∞
(|ψ(ξ)|2 + n2|ψ′(ξ)|2 + |ψ′′(ξ)|2)P (dξ/ξ)(e2eξ)dξ)1/2
where P is the polynomial t4+ t2+1. The right hand side above is finite since ψ ∈ C∞0 , so that
f ∈ L1(R, dω). Arguing as before, we see that for every x ≥ −ε
‖f(x+ i·)‖L1(R) ≤ C‖ex(·)ψ‖2W 2(R) ,
hence f ∈ H1(S(−ε,b)) for every b > 0, that is, f ∈ M2(ε) ∩ M1(ε). Since C∞0 is dense in
L2
(
R, e2e
ξ
dξ
)
the conclusion follows. 
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Proof of Theorem 3.1. We only need to show that M is onto.
It is a well-known fact that if g ∈ L2({c}+iR)∩L1({c}+iR) for all c ∈ (a, b) and g(x+iy)→ 0
as |y| → +∞ uniformly in x ∈ (a, b), then for ξ > 0
(20) M−1c g(ξ) =
1√
2pi
∫ +∞
−∞
g(c + it)ξ−c−it dt
is independent of c ∈ (a, b) and satisfies MM−1c g = g.
For ε > 0 fixed, for f ∈ M2(ε) ∩M1(ε), f(x + iy) → 0 as |y| → +∞ uniformly in x ∈ (a, b).
Therefore, M−1n
2
f is independent of n = 0, 1, 2, . . . and satisfies MM−1n
2
f = f . We set
(21) M−1f =M−1n
2
f .
Having constructed an inverse of M on a dense subspace of M2, if we show that on this
subspace
(22) ‖M−1f‖
L2((0,+∞), e2ξ
ξ
dξ)
= ‖f‖M2 ,
the conclusion will follow.
For f ∈ L2({c}+iR) define ϕc(ξ) = ξ−cf(c−i log ξ) . Then, setting L2c = L2((0,+∞), t2c dtt ),
(23) ‖ϕc‖L2c = ‖f‖L2({c}+iR) ,
since
‖ϕc‖2L2c =
∫ +∞
0
|f(c− i log ξ)|2 dξ
ξ
=
∫ +∞
−∞
|f(c− it)|2 dt = ‖f‖2L2({c}+iR) .
We claim that for such f and ξ > 0 we have
(24) ξcM−1c f(ξ) =Mϕc(c+ i log ξ) .
For,
M−1c f(ξ) =
1√
2pi
∫ +∞
−∞
f(c+ it)ξ−c−it dt
=
ξ−c√
2pi
∫ +∞
0
f(c− i log s)ξi log s ds
s
=
1√
2pi
∫ +∞
0
scϕc(s)ξ
i log s ds
s
= ξ−cMϕc(c+ i log ξ) ,
as we claimed.
Lemma 2.3 in [2] shows that
M : L2c → L2
({c} + iR)
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is an isometry. Finally, using (23) and (24) we have
‖M−1f‖2
L2((0,+∞), e2ξ
ξ
dξ)
=
+∞∑
n=0
2n
n!
∫ +∞
0
|M−1f(ξ)|2ξn dξ
ξ
=
+∞∑
n=0
2n
n!
∫ +∞
0
|M−1n
2
f(ξ)|2ξn dξ
ξ
=
+∞∑
n=0
2n
n!
∫ +∞
0
∣∣Mϕn
2
(
n
2 + i log ξ
)∣∣2 dξ
ξ =
+∞∑
n=0
2n
n!
∫ +∞
−∞
∣∣Mϕn
2
(n2 + iy)
∣∣2 dy
=
+∞∑
n=0
2n
n!
∫ +∞
0
|ϕn
2
(ξ)|2ξn dξ
ξ
=
+∞∑
n=0
2n
n!
∫ +∞
−∞
|f(n2 + iy)|2 dy
= ‖f‖2M2 .
This completes the proof. 
We conclude this section discussing some property of the space H := 2zΓ(1+z)M2.
Proof of Theorem 4. We have already proved that M∆ : A
2(∆) → H is a surjective isometry.
Proposition 2.3 shows that elements of H are holomorphic functions in R of exponential type
at most pi/2, while Example 2.2 easily implies that the polynomials are dense in H.
Clearly, the reproducing kernel of H is given by
H(z, w) =
2z
Γ(1 + z)
( 1
2pi
Γ(z + w)
2z+w
) 2w
Γ(1 + w)
=
1
2pi
Γ(z + w)
Γ(1 + z)Γ(1 + w)
. 
Remark 3.5. It is not difficult to show (see [14]) that H contains functions that are of ex-
ponential type pi/2 − ε for any ε > 0, and whose restriction to the imaginary axis is again of
exponential type. This shows that no Paley–Wiener type theorem can hold for H. Moreover,
the measure on R that appears in the norm of H
dµ(x+ iy) :=
+∞∑
n=0
δn
2
(x)⊗ |Γ(
n
2 + iy)|2
Γ(n+ 1)
dy
is not translation invariant, in contrast to the invariance of ω.
The results of the next section concerning the zero-sets indicate that it is easier to exploit the
properties of M2 than the ones of H.
4. Zero-sets
Denote by Eτ (R) and E<τ (R) respectively, the space of holomorphic functions on R that are
of exponential type τ and of exponential type less than τ , respectively. Let Z(K) denote the
collection of zero-sets for the space K.
Proposition 4.1. We have the inclusions
Z(E<pi
2
(R)) ⊆ Z(M2(R) ⊆ Z(Epi
2
(R)) .
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Proof. From Proposition 2.3 and Theorem 4 we have
M2(R) ∩Hol(R) ⊆ Γ(1 + ·)Epi
2
(R) .
The conclusion now follows from the above inclusion and Proposition 1.2 (iii). 
In order to prove Theorem 6 we need a couple of preliminary results that may be of indepen-
dent interest. Recall that the elementary Weierstrass factor E(z, p) equals 1 − z when p = 0,
while E(z, p) = (1− z)ez+···+ z
p
p , for a positive integer p.
Proposition 4.2. Let {zj}j=1,2... ⊆ R, with |zj | → +∞, |zj | > 1 having exponent of convergence
1 and assume d+ < ∞. Set z−j = −zj and consider the sequence {zj}j 6=0. Then the infinite
product
∏
j 6=0E(z/zj , 1) converges to an entire function Π(z) of exponential type at most pid
+.
Proof. The sequence {zj}j 6=0 has exponent of convergence 1 so that the product
∏
j 6=0E(z/zj , 1)
converges to an entire function Π(z). Thus, we only need to prove the statement about the
exponential type.
Since E(z/zj , 1)E(−z/zj , 1) = E(z2/z2j , 0) we have
log
∣∣∏
j 6=0
E(z/zj , 1)
∣∣ = log ∣∣+∞∏
j=1
E(z2/z2j , 0)
∣∣
=
+∞∑
j=1
log
∣∣E(z2/z2j , 0)∣∣
≤
+∞∑
j=1
log
(
1 + |z2/z2j |
)
.
Setting |z| = r we then have
log |Π(z)| ≤
+∞∑
j=1
log
(
1 + r2/|zj |2|
)
=
∫ +∞
1
log
(
1 + r2/t2|) dn(t)
= log
(
1 + r2/t2
)
n(t)
∣∣∣+∞
1
+ 2r2
∫ +∞
1
n(t)
t3(1 + r2/t2)
dt .
Notice that
log
(
1 + r2/t2
)
n(t)
∣∣∣+∞
1
= lim
R→+∞
log
(
1 + r2/R2
)
n(R) ≤ C lim
R→+∞
(r2/R2)R = 0 .
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Therefore, given ε > 0 there exists A > 0 large enough so that
log |Π(z)| ≤ 2r2
∫ +∞
1
n(t)
t(t2 + r2)
dt = 2r2
(∫ A
1
+
∫ +∞
A
)
n(t)
t(t2 + r2)
dt
≤ 2r2
(
C
∫ A
1
1
t2 + r2
dt+ (d+ + ε)
∫ +∞
A
1
t2 + r2
dt
)
≤ 2r2
(
C
A
1 + r2
+
(d+ + ε)
r
∫ +∞
0
1
1 + s2
ds
)
≤ CA+ pi(d+ + ε)r ,
as r → +∞, and Π(z) is of exponential type at most pid+. 
In order to obtain a necessary condition for a sequence to be a zero-set for M2, we recall the
classical Carleman formula for the right half-plane.
Theorem 4.3. (Carleman) Let f ∈ Hol(R) and let {zj} its zero-set, with rj ≥ 1, where
zj = rje
iθj . Then, for R ≥ 1 we have∑
rj≤R
( 1
rj
− rj
R2
)
cos θj
=
1
2pi
∫ R
1
( 1
y2
− 1
R2
)
log
∣∣f(iy)f(−iy)∣∣ dy + 1
piR
∫ pi
2
−pi
2
log |f(Reit)| cos t dt+A(R) ,(25)
where A(R) is a bounded function of R.
Proposition 4.4. Let f ∈ Hol(R) be such that
(i) sup−pi
2
≤θ≤pi
2
|f(Reiθ)| ≤ c1eBR logR with B > 0 and some c1 > 0;
(ii) |f(iy)| ≤ c2eA|y| with A > 0, and some c2 > 0.
If {zj} are the zeros of f with |zj | ≥ 1, then
(26) sup
R>0
1
logR
∑
rj≤R
( 1
rj
− rj
R2
)
cos θj ≤ 1
pi
(A+ 2B) .
Proof. Denote by I(R) + J(R) +A(R) the right hand side in (25). Consider I(R) and set
I±(R) =
1
2pi
∫ R
1
( 1
y2
− 1
R2
)
log±
∣∣f(iy)f(−iy)∣∣ dy .
Clearly we have I−(R) ≤ 0 ≤ I+(R). Moreover, since (ii) implies log+ |f(iy)f(−iy)| ≤ 2A|y|+C,
it follows that
0 ≤ 1
logR
I+(R) ≤ 1
2pi logR
∫ R
1
( 1
y2
− 1
R2
)
(Ay + C) dy ,
which tends to Api , as R→ +∞.
Next we consider J(R)/ logR. We observe that since f vanishes of finite order in R we have∣∣∣ ∫ pi2
−pi
2
log− |f(Reiθ)| cos θ dθ
∣∣∣ ≤ C .
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Therefore, using (i) we have∣∣∣∣J(R)logR
∣∣∣∣ ≤ CpiR logR + 1piR logR
∫ pi
2
−pi
2
log+ |f(Reiθ)| cos θ dθ
≤ C
piR logR
+
2B
pi
,
which tends to 2Bpi , as R→ +∞.
Now notice that the left-hand side of (25) is non-negative and increasing in R. Therefore,
0 ≤ lim sup
R→+∞
1
logR
(
I+(R) + I−(R) + J(R) +A(R)
)
=
A
pi
+
2B
pi
+ lim sup
R→+∞
I−(R)
logR
.
Thus, I−(R)/ logR must remain bounded from below it follows that
(27) lim sup
R→+∞
1
logR
∑
rj≤R
( 1
rj
− rj
R2
)
cos θj ≤ 1
pi
(A+ 2B) . 
Proof of Theorem 6. (i) Using Proposition 4.2 we can construct an entire function Π of expo-
nential type τ < pi2 , whose zeros in R is exactly the sequence {zj}. From Proposition 1.2 (iii),
there exists δ > 0 such that Π(z)Γ(1 + δz) is in M2(R) ∩Hol(R).
(ii) From Theorem 4 it follows that any f ∈ M2(R) ∩ Hol(R) satisfies the hypotheses of
Proposition 4.4, so that using the asymptotics for the Gamma function (9), conclusion (26)
holds for f with A = ε, for every ε > 0 and B = 1.
Observe that, for 0 ≤ δ < 1,
1
rj
− rj
R2
≥ δ
rj
if and only if rj ≤ R
√
1− δ .
Therefore, ∑
rj≤R
( 1
rj
− rj
R2
)
cos θj ≥
∑
rj≤R
√
1−δ
( 1
rj
− rj
R2
)
cos θj
≥ δ
∑
rj≤R
√
1−δ
1
rj
cos θj ,
so that,
lim sup
R→+∞
1
logR
∑
rj≤R
( 1
rj
− rj
R2
)
cos θj ≥ δ lim sup
R→+∞
1
logR
∑
rj≤R
√
1−δ
1
rj
cos θj
= δ lim sup
R′→+∞
1
logR′ − log√1− δ
∑
rj≤R′
1
rj
cos θj
= δ lim sup
R→+∞
1
logR
∑
rj≤R
1
rj
cos θj .
The conclusion now follows. 
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Remark 4.5. Since the Hardy space H2(R) is contained in M2(R), so that Z(H2(R)) ⊆
Z(M2(R)) it follows that if {zj} is such that |zj | → +∞ and∑
j
Re zj
1 + |zj |2 <∞ ,
then {zj} is also a zero-set for M2(R) ∩Hol(R). We now show that:
(a) Z(H2(R)) ( Z(M2(R));
(b) there exist sequences in Z(M2(R)) (actually, in Z(H2(R))) that do not satisfy condition
(i) in Theorem 6; hence, this condition is not necessary.
(a) Any sequence {zj} satisfying condition (i) in Theorem 6, contained in a sector | arg zj | ≤
ϑ < pi2 and such that
∑
j
1
|zj | = +∞, is in Z(M2(R)) but not in Z(H2(R)). As special cases,
we find all sequences of the form zj = aje
iϑ, j = 1, 2, . . . , with a > 2.
(b) Any sequence {zj} contained in a strip Sb with exponent of convergence ρ > 1 and such
that
∑
j Re(1/zj) < ∞, is in Z(H2(R)) hence in Z(M2(R)) but does not satisfy condition (i)
in Theorem 6. As special cases, we find all sequences of the form zj = a+ ij
α, j = 1, 2, . . . , with
1
2 < α < 1. 
5. Sets of uniqueness and the Mu¨ntz–Sza´sz problem for the Bergman space
The Mu¨ntz–Sza´sz problem for the Bergman space was formulated by S. Krantz, C. Stoppato
and the first author, see [7]. In Theorem 3.1 of the same paper, using an ad hoc method, it
is shown that if λk = ε0 + ak + ib, where ε0 > 0, b ∈ R and 0 < a < 1, the set {ζλk−1} is a
complete set in A2(∆).
We recall a classical result by Fuchs [4], concerning sets of uniqueness for functions that are
of exponential type in a half-plane. It says that if λk > 0, λk+1 − λk > δ > 0 and the sequence
{λk} has lower density d− > 12 , then {λk} is a set of uniqueness for the functions that are of
exponential type pi2 inR. Since the sets of uniqueness satisfy the inverse inclusions of Proposition
4.1, it follows that the set {ζλk−1} is a complete set in A2(∆).
In light of Proposition 4.1, it is clear that Theorem 3.1 in [7] follows from Fuchs’ result. Our
Theorem 7 applied to a sequence {λk} on the positive half-line gives that if it has lower density
greater than 2pi , regardless of being separated or not, then {λk} is a set of uniqueness for M2.
Thus, while it does not contain Fuchs’ result, it is of much more general nature, since it only
assumes a lower bound of a quantity depending on the number of the {λk} in the half-disks
{|z| ≤ R,Re z > 0} and not on any type of distribution of the λk’s.
Proof of Theorem 7. Let {zj} ⊆ {Re z ≥ ε0} be such that (6) is violated and let f ∈ M2 vanish
on {zj}. If f ∈ Hol(R) the result follows at once from Theorem 6 (ii).
For a generic f ∈ M2 and 0 < ε < ε0, we consider the points wj = zj − ε and the function
fε(z) = f(z+ε). Then fε ∈ M2∩Hol(R) and vanishes at the wj ’s. If we show that the sequence
{wj} violates condition (6), it would follow that fε, hence f , is identically zero. Notice that
|wj | = |zj − ε| < |zj | so that
Re
(
1/wj
) ≥ Re zj − ε|zj |2 = Re
(
1/zj
)− ε|zj |2 .
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Therefore, ∑
|zj |≤R
Re
(
1/zj
) ≤ ∑
|zj |≤R
Re
(
1/wj
)
+
ε
|zj |2
≤
∑
|wj |≤R
Re
(
1/wj
)
+
∑
|zj |≤R
ε
|zj |2
≤
∑
|wj |≤R
Re
(
1/wj
)
+
ε
ε0
∑
|zj |≤R
Re
(
1/zj
)
.
Hence, (
1− ε
ε0
)
lim sup
R→+∞
1
logR
∑
|zj |≤R
Re
(
1/zj
) ≤ lim sup
R→+∞
1
logR
∑
|wj |≤R
Re
(
1/wj
)
,
for every 0 < ε < ε0. The conclusion now follows by taking ε > 0 sufficiently small. 
6. Proof of Theorems 5 and 8.
We remark that in the next proof in particular we show how the measure ω was determined.
Proof of Theorem 5. By Theorems 2.6 and 3.1 it suffices to show that, if the Mellin transform
M : L2
(
(0,+∞), e2ξξ dξ
)→ L2(R, dµ) is an isometry and µ is translation invariant, then µ = ω.
Assume then that dµ = dν(x) ⊗ dy. Let η1,ε, η2,ε′ be smooth cut-off functions with support
in [ε, 1/ε] and [−1/ε′, 1/ε′], respectively, and identically 1 in [2ε, 1/(2ε)] and [−1/(2ε′), 1/(2ε′)],
respectively. Then
η1,ε(x)η2,ε′(y) dν(x)⊗ dy → dµ(x, y)
as Borel measures, as ε, ε′ → 0+.
Notice that for ϕ ∈ C∞0 (0,+∞), Mϕ = F−1(ϕ ◦ exp) is an entire function. Then, for any
ϕ,ψ ∈ C∞0 (0,+∞) we have
〈ϕ,ψ〉
L2((0,+∞), e2ξ
ξ
dξ)
=
∫∫
R
Mϕ(x+ iy)Mψ(x+ iy) dν(x) dy
= lim
ε,ε′→0+
∫∫
R
Mϕ(x+ iy)Mψ(x+ iy) η1,ε(x) dν(x) η2,ε′(y)dy
=
1
2pi
lim
ε,ε′→0+
∫ +∞
0
∫ +∞
0
ϕ(s)ψ(t)
(∫∫
R
sx+iytx−iy η1,ε(x) dν(x) η2,ε′(y)dy
) ds
s
dt
t
,(28)
where we can interchange the integration order since the integrals converge absolutely. The
inner integral in the right hand side above equals, using Fubini’s theorem again,
1
2pi
∫ +∞
0
∫ +∞
−∞
siyt−iyη2,ε′(y)sxtxη1,ε(x) dy dν(x)
=
1√
2pi
F(η2,ε;)
(
log(s/t)
) ∫ +∞
0
ex log(st)η1,ε(x) dν(x)
= F(η2,ε′)
(
log(s/t)
)F(η1,εν)(i log(st)) ,
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observing that F(η1,εν) is entire. Plugging this equality into the right hand side of (28) we find
that
〈ϕ,ψ〉
L2((0,+∞), e2ξ
ξ
dξ)
= lim
ε,ε′→0+
∫ +∞
0
∫ +∞
0
ϕ(s)ψ(t)F(η2,ε′)
(
log(s/t)
)F(η1,εν)(i log(st)) ds
s
dt
t
= lim
ε,ε′→0+
∫ +∞
−∞
∫ +∞
−∞
ϕ(ey)ψ(ev)F(η2,ε′)(y − v)F
(
η1,εν
)
(i(y + v)) dydv
= lim
ε→0+
√
2pi
∫ +∞
−∞
ϕ(ey)ψ(ey)F(η1,εν)(2iy) dy
= lim
ε→0+
√
2pi
∫ +∞
0
ϕ(ξ)ψ(ξ)F(η1,εν)(2i log ξ)dξ
ξ
.(29)
Hence, if such a measure ν exists, for ξ > 0 it must satisfy the identity
e2ξ =
√
2pi lim
ε→0+
F(η1,εν)(2i log ξ)
= lim
ε→0+
∫ +∞
0
e2x log ξη1,ε(x) dν(x)
=
∫ +∞
0
e2x log ξ dν(x)(30)
by the monotone convergence theorem. This in particular implies that:
• ν({0}) = 1 (by letting ξ → 0+) and ν([0,+∞)) = e2;
• x 7→ ξ2x ∈ L1(dν), for all ξ > 0;
• for all s ∈ R,
exp{2e s2 } =
∫ +∞
0
exs dν(x) .
Hence, Fν can be extended to the entire function Fν(t+ is) = 1√
2pi
exp{2e−i t+is2 }, so that
(31) ν =
1√
2pi
F−1( exp{2e− i2 (·)}) .
Thus, if ν exists, it is unique and it is given by (31).
Observe that the function exp{2e− i2x} is bounded on R, so that its (inverse) Fourier transform
is well defined as a tempered distribution. Moreover, it is the restriction to the real line of the
entire function
G(z) = exp{2e− i2z} =
+∞∑
n=0
2n
n!
e−i
n
2
z ,
and by [11] Theorem 2 we know that F−1G is a finite Borel measure with support in [0,+∞),
that in fact we can compute explicitly. The series
∑+∞
n=0
2n
n! e
−in
2
x converges uniformly on com-
pact subsets of the line to the bounded function exp{2e− i2x}, hence in the sense of tempered
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distributions. Therefore,
ν(x) =
1√
2pi
F−1
( +∞∑
n=0
2n
n!
e−i
n
2
x
)
(x) =
+∞∑
n=0
2n
n!
δn
2
(x) ,
as we wished to show. 
Proof of Theorem 8. For 1 < p < ∞, the dual of Mp with respect to the L2(R, dω)-inner
product is Mp′ , with 1/p + 1/p′ = 1. If the projection P : Lp(R, dω) → Mp were bounded,
Kw ∈ Mp′ , for any w ∈ R. Thus, since P is self-adjoint, it suffices to show that Kw 6∈ Lp(R, dω)
for any p > 2.
This is a simple application of the asymptotics of the Gamma function. For w = u+ iv ∈ R
fixed
‖Kw‖pMp =
1
(2pi)p
∥∥∥Γ(·+w)
2(·+w)
∥∥∥p
Mp
=
1
(2pi)p2pu
+∞∑
n=0
2n(1−
p
2
)
n!
∫ +∞
−∞
∣∣Γ(n2 + u+ iy)∣∣p dy .
Now, using (9) we see that there exists an absolute constant C > 0 such that∣∣Γ(n2 + u+ iy)∣∣p ≥ C exp{p[(n−12 + u) log ((n2 + u)2 + y2)1/2 − n2 − u− |y| arctan( |y|n
2
+u)
]}
≥ Ce−pu exp
{
p
[(
n−1
2 + u
)
log(n2 + u)− n2 − pi2 |y|
]}
≥ Ce−pue−ppi2 |y| exp
{
p(n−1)
2 log(
n
2 )− pn2
}
.
Therefore,
‖Kw‖pMp ≥ Cu
+∞∑
n=0
2n(1−
p
2
)
n!
exp
{
p(n−1)
2 log(
n
2 )− pn2
}
≥ Cu
+∞∑
n=0
2n(1−p−
p
2
log 2)
n!n
p
2
e
p
2
n logn ,
which clearly diverges when p > 2. 
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